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 An enhanced method for design of decenralised proportional integral (PI) 
controllers to control various variables of flotation columns is proposed. 
These columns are multivariable processes characterised by multiple 
interacting manipulated and controlled variables. The control of more than 
one variable is not an easy problem to solve as a change in a specific 
manipulated variable affects more than one controlled variable. Paper 
proposes an improved method for design of decentralized PI controllers 
through the introduction of decoupling of the interconnected model of the 
process. Decoupling the system model has proven to be an effective strategy 
to reduce the influence of the interactions in the closed-loop control and 
consistently to keep the system stable. The mathematical derivations and the 
algorithm of the design procedure are described in detail. The behaviour and 
performance of the closed-loop systems without and with the application of 
the decoupling method was investigated and compared through simulations 
in MATLAB/Simulink. The results show that the decouplers - based closed-
loop system has better performance than the closed-loop system without 
decouplers. The highest improvement (2 to 50 times) is in the steady-state 
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1. INTRODUCTION  
The flotation column is a multivariable process whose main control objective is to guarantee that the 
metallurgical performance does agree with the process operation, expressed by the grade and the recovery of 
the valuable mineral in the concentrate [1], [2]. There is a long history of utilisation of this process and a lot 
of research and development works have been carried out [2]. The paper [3], states that the flotation process 
is still not fully understood, and remains quite inefficient if its proper control is overlooked. Column flotation 
is industrially known as a continuous solid to solid separation process [4] performed in a vessel where a 
three-phase system is present: solid particles, air bubbles, and water [1], [5], [6]. According to [7], this pulp is 
conditioned earlier with the controlled addition of small quantities of specific chemical reagents to promote 
the selective formation of aggregates between solid particles of a given composition and the air bubbles. The 
process is normally started in the presence of the feed inlet (liquid), air is injected continuously in the pulp 
where some air bubbles are formed [4], [8], [9]. The main control objective of the column flotation process is 
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to improve the metallurgical execution to ensure that the column operation comes to the reference values 
necessary for the specified recovery and position of the concentrate stream, [10]-[12]. Since hydrodynamic 
variables are closely related to the metallurgical and economic performances of the flotation unit, the 
implementation of intelligent control strategies is crucial to optimize its operation [2], [13], [14]. Tang et al. 
[15] presents some investigations to achieve the desired performance of networked flotation processes using 
robust model predictive control (RMPC). Another common way of controlling the process systems with 
strong nonlinearities in the model-based predictive controller also known as MPC [7], [16]-[18]. There are 
many other strategies used for industrial process controller design such as artificial neural network (ANN) 
based controller [19], different optimization solutions as presented by [20], [21] using Pareto-based method, 
and radial basis function neural network metamodel respectively. Fuzzy predictive control [8] and internal 
model control (IMC), are discussed in [22]. 
While there are still some additions, it is acknowledged that after the first attempts done in the late 
eighties, significant progress in column flotation dynamic simulation has been made. According to the 
literature many good optimization techniques can be used for multi-objective systems [20], [21], but the cost 
associated with multivariable systems is still a major problem that prevents the general use of optimization 
techniques. Then again, many controller design methods are applied and published such as ANN, MPC, 
different optimization methods, and fuzzy logic control which seems to be the successful techniques [8], [19], 
[20], [23]. However, when it comes to industrial application, many industries still use proportional integral 
(PI) or proportional integral derivative (PID) controllers [24] as one of the first developed control strategies 
with simple structure and well-known tuning rules. This makes them easy to maintain dominance in practical 
engineering applications for several decades [24], [25]. Nevertheless that more advanced control algorithms 
have been developed, the PI or PID controllers are always preferred unless they do not give satisfactory 
performance [24]. Ogunnaike et al. [23] emphasises important aspects of the industrial control systems 
implementation, which means how the actual measurements from the process to the controller and back are 
performed and how the necessary computations done by the controller are carried out. In this relation, it is 
important for the column flotation process to measure the controlled variables accurately and to identify how 
the interactions among the controlled and manipulated variables influence the dynamic performance of the 
whole system [2], [18]. The interactions between the manipulated and the controlled variables in the existing 
flotation processes deteriorate the performance of the used PI or PID controllers as their parameters are 
determined without taking into account the existence of these interactions. At the same time, it will be very 
expensive to remove all existing controllers and substitute them with more complex ones. This problem can 
be solved if in some way the influence of the interactions is taken into account during the process of the 
design of the PI controllers’ parameters. 
Thus, the paper proposes an improved method for the design of decentralised PI controllers that can 
handle all the possible errors, set-point tracking, and disturbance rejection by the introduction of an 
additional step of decoupling the model of the process into independent sub-models before the step of the 
design of the controller parameters. The influence of the interconnections is incorporated into the sub-
models. In this way, the design of the controller parameters is based also on the values of the 
interconnections. This paper starts with the process modeling (section 2.1) and the decoupling of the column 
flotation process (section 2.2). Section 2.3 presents the design of fully decentralised PI controllers for each 
apparent loop of the decoupled system using the Pole Placement technique. Simulation results and their 
analysis are shown in section 3. Section 4 presents the conclusion of the paper. 
 
 
2. FLOTATION PROCESS MODELLING AND DECENTRALISED CONTROLLERS DESIGN 
The standard flotation column design is made up of two principal zones: the collection zone and the 
cleaning zone as shown in Figure 1, [10], [12]. Figure 1 is an illustration of the flotation column process, 
with the focus on the two zones (collection and cleaning). The process variables are: Uw is a pneumatic valve 
used to control the amount of the wash water flowrate Qw measured using an electromagnetic flow meter; Ug 
is a pneumatic valve used to control the amount of air flow rate Qg measured by a mass flow meter; UT is a 
variable speed peristaltic pump used to control the non-floated fraction QT. 
For control design, a dynamic model that indicates the dominant features of the flotation process 
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Where h represents the froth layer height, 𝜀𝑔𝑐𝑧 is the air hold up variable, and Q’s represent the flowrates. 
The detailed expressions of the transfer functions of G11, G12, G21, G22 were identified and validated by [10]. 
The two transfer functions G11, and G12 are related to the froth layer height. The transfer functions related to 





Figure 1. Schematic diagrams of the pilot flotation column and related instrumentation [10] 
 
 
The froth layer height represented in Laplace domain is shown in (2): 
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After substitution of the detailed expressions of the transfer functions from [10] into (2), the transfer function 
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From (1) the Laplace representation of the air holdup model in the recovery zone is  
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After substitution of the detailed expressions of the transfer functions from [10] into (4), the transfer function 
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The model of the column flotation process, presented by (3) and (5) is a built-in MATLAB/Simulink 
software environment as shown in Figure 2. The transition behaviour of the model is obtained. The 
characteristics of the model transition behaviour are given in Table 1. These characteristics are used later for 
the process closed-loop control design. 
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Figure 2. Simulink block diagram of the flotation process model 
 
 
Table 1. Characteristics of the flotation process model response  
Parameters Height Value Air holdup values 
Rise Time 77 (min) 18 (min) 
Settling time 116 (min) 22 (min) 
Overshoot 0 (cm) 0.12 (%) 
Peak 21.55 (cm) 0.44 (%) 
peak time 133.33 (min) 128.67 (min) 
 
 
The model given by (3) and (5) is interconnected and it is necessary to design decoupling controllers 
that will decouple the model into two independent sub-models allowing separate and simple industrial 
controllers to be designed and applied. The following section presents the process of decoupling the 
multivariable model presented in Figure 2 (given by (3) and (5)). 
 
2.1.  Decoupling of the multivariable column flotation model 
Based on the advantages of minimisation of interactions between the input and output variables of 
the process, complete independence of the closed-loops can be achieved. This allows independent control of 
the individual loops by their respective designed controllers. The use of the dynamic decoupling method 
guarantees that under any operating conditions, the manipulated variables influence independently the 
particular controlled outputs [26]. This method is selected to be applied to design a decoupler of the column 
flotation model. Figure 3 represents a 2x2 column flotation closed-loop system model with a decoupling at 





Figure 3. The decoupled controlled system 
 
 
To achieve decoupling, the process model 𝐺𝑝(𝑠) ∈ 𝑅
2𝑥2 requires the design of a transfer function 
matrix 𝐷(𝑠) ∈ 𝑅2𝑥2,  such that )()( sDsGp •  is a diagonal transfer function matrix 𝑀(𝑠) ∈ 𝑅
2𝑥2 [5], [25], 
[27] as shown in (6) and (7). 
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)()()( sDsGsM P •=  (6) 
 
The decoupling strategy consists of setting a diagonal transfer function matrix for the representation of the 
decoupled process model making M12=M21=0, setting the diagonal elements of the decoupler to be 1, 








































































The matrix at the right part of (8) has to be diagonal and to achieve this the D12(s) and D21(s) are 
selected to make the off-diagonal elements of the matrix on the right side of (8) to be zeros. From (8) for the 





































The decoupled model of the process is obtained by substituting the dynamic decouplers given by 




















































The diagonal elements in (11) represent the transfer functions of the decoupled model of the column flotation 
process. These transfer functions are used for the design of decentralized controllers for this process with 
highly minimized interactions. Based on (11) it can be seen that the decoupled model of the froth layer height 
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The detailed transfer functions of the model of the column flotation are substituted in (12) and (13) 
and their detailed transfer functions are obtained. The order of these transfer functions is high as they contain 
many zeros and poles and a reduction of them is necessary. The aim is to obtain simpler lower-order transfer 
functions to facilitate easier controller design as proposed in [5], [25], [27]. This is achieved through 
factorisation and simplification of the obtained decoupled detailed transfer functions. Transfer function 
substitution and simplification of the froth layer height decoupled model in (12), produces the following 
arrays of zero-pole-gains as (14): 
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From the derived transfer function M11(s), it is noticed that the zeros in the numerator polynomial 
represented by (𝑠+0.02582)(𝑠+0.0192)(𝑠+0.007991)(𝑠+0.000402) can be cancelled with the poles of the 
denominator polynomial represented by (𝑠+0.0192)(𝑠+0.0192)(𝑠+0.007981)(𝑠+0.000402), resulting in a 
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The same technique is followed to simplify the decoupled model of the air holdup. The following 
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The matrix M(s) represents the decoupled model of the column flotation process and it is used for the design 
of the decentralized PI controllers for the individual decoupled loops of the flotation process.  
 
2.2.  Flotation process decentralised controllers design using the pole placement technique  
Pole Placement is a technique that is applied in the feedback control system theory to place the 
closed-loop poles of a plant in pre-determined positions in the s-plane [28]. Once the closed-loop system 
transfer function is defined mathematically, the desired transfer function can also be defined, then for each 
coefficient of the same order in the closed-loop polynomials of these functions can be compared and the 
values of the controller parameters can be determined [28]. This arrangement control strategy comes about 
within the desired system response and is easy to mathematically find the controller gains [25], [28], [29]. 
The correctness or precision of the closed-loop system transfer function is essentially vital and it is costly to 
implement this method for high order systems, hence reduction of the system order is necessary [23].  
 
2.2.1. PI controller design for the decoupled model of the froth layer height process 
This subsection describes the PI controller design for the froth layer height h(s). The following 
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The characteristic polynomial equation of the closed-loop transfer function contains the unknown parameters 
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The values of the closed-loop system poles can be determined by a selection of appropriate values of 
the PI controller parameters KP1 and KI1. Based on this requirement the proper values of the controller 
parameters can be selected if the desired values of the poles of the closed-loop system are selected [30]. A 
second-order standard desired dimensionless polynomial form determining the desired position of the closed-











Where  and n  are the damping factor and the undamped natural frequency. Determination of the PI 
controller parameters is done through comparison of the coefficients in front of the equal powers of the 





















To determine the required damping factor and un-damped natural frequency, the required settling 
time and the overshoot percentage of the closed-loop system have to be defined [31]. These are taken from 
the literature and are selected to be as follows: the peak value of the height is 21.55 cm and the settling time 
is 116 minutes [11]. The required desired values of the damping factor and the un-damped natural frequency 
are calculated below and in this way, the designed closed-loop system will have the required behaviour in 
terms of set-point tracking and disturbance rejection. The allowed maximum overshoot is selected to be 
Mpmax=15% of the peak value which is equivalent to 3.2 cm and the minimum overshoot value is selected to 
be Mpmin=5%, which is equivalent to 1.08 cm. The damping factor (ξ) can be calculated using (24) and (25). 






















































































































Therefore, for each value of the allowed overshoot, the constraints of the damping factor are 
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The value of the damping factor is chosen to be ξ=0.8. The determination of the undamped natural 
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2.2.2. PI controller design for the decoupled model of the air holdup process 
This subsection describes the PI controller design for the air holdup process. To form a closed-loop, 
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The characteristic polynomial equation of the closed-loop transfer function contains the unknown parameters 
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Where the controller parameters are KP2 and KI2. In the same way, as for the first controller, a second-order 
standard desired dimensionless polynomial form determining the desired position of the closed-loop poles is 
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The procedure used to design the controller parameters in point 2.4.1 is applied again for the PI 
controller for the air holdup process. The peak value of the air holdup is 0.44% and the settling time is 22 
minutes. The allowed maximum overshoot is selected to be Mpmax = 15% of the peak value which is 
equivalent to 0.065% and the minimum overshoot value is selected to be Mpmin = 5 %, which is equivalent to 
0.022%. The damping factor ( ) can be calculated using (24) and (25). The calculated maximum and 
minimum values of the damping factor are 0.92 and 0.937 respectively. The value of the damping factor is 
selected to be ξ= 0.92. The determination of the undamped natural frequency ( n ) is done based on (27) 
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The values of the unknown parameters of the PI controller are calculated as given in (34): 
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The procedure necessary to be followed for the design of the parameters of the controllers for the 
decoupled model of the process is illustrated in Figure 4. The simulation of the closed-loop column flotation 
system is given in the following section to investigate the importance of the application of the decouplers in a 




Check if the 
closed-loop 
specifications 






Design of a decoupler 
transfer functions
Select the desired poles 
location of the closed loop 
system
Design of the controller parameters 
for the decoupled subsystems of the 
process model using Pole placement 
method. 
Calculate and measure the 
system performance indexes




Simulate the closed 
loop system behavior 
 
 
Figure 4. Flow-chart of the process of the decoupler and the controller designs 
 
 
3. RESULTS AND ANALYSIS 
3.1.  Simulation and transition behaviour evaluation of the coupled and decoupled closed-loop systems 
To investigate the effect and importance of decoupling in the multivariable systems, two closed-loop 
systems under the designed PI controllers are built and modeled in MATLAB/Simulink. The scheme in 
Figure 5 shows the closed-loop PI controlled system without a decoupler and Figure 6 shows the closed-loop 
decoupled system under the same PI controllers. Investigations on the behaviour of the two closed-loop 
systems are performed in MATLAB/Simulink to check the capabilities of the system for set-point tracking. 
Table 2 introduces the study cases for various set-points values which are the same for both systems. The 
setpoints of h=60 cm and εgcz =18% as tabled below are used as the first case study of the investigations. 
 
3.2.  Transition behaviour of the coupled closed-loop system under the decentralized PI controllers 
An investigation conducted in this section for the set-point tracking by the coupled closed-loop 
system produced curves for its transition behaviours. MATLAB/Simulink simulations are performed for the 
coupled system given in Figure 5. The transition behaviour of the coupled closed-loop system under the 
designed decentralised PI controllers are presented from Figures 7 to 9, for the considered cases in Table 2 
case studies. 
Case study 1 corresponds to the data from the first row of Table 2. It can be seen from Figure 7 that 
the froth layer height process becomes unstable and the air holdup process follows the behaviour of the 
setpoint but cannot reach it in a steady-state. The steady-state error is 0.28%. Case study 2 corresponds to the 
data from the second row of Table 2. It can be seen from Figure 8 that the froth layer process behavior is 
worse than in the first Case study as the process behaviour is characterised by overshoot and instability. It 
can be noted that the peak overshoot of the froth layer height in the coupled system is not successfully or 
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smoothly controlled under the designed PI control parameters. The air holdup process follows the setpoint 
changes but again with a steady-state error of 0.33%. It can be observed that the frequent change of the 
setpoints destabilizes the flotation process behaviour. Case study 3 corresponds to the data from the third row 
of Table 2. The transition behavior of both processes is very similar to the second Case study–unstable and 










Figure 6. Block diagram of the closed-loop decoupled system 
 
 
Table 2. Set-points following studies for the coupled and decoupled closed-loop systems 
Study Case 
Set-point Coupled and Decoupled processes with PI controllers 
h 𝜀𝑔𝑐𝑧 Froth Layer Height (cm) Air holdup (%) 
1 40-60 (cm) 10-18 (%) 
Step change of the setpoint 
from 40 to 60 (cm) 
Step change of the set point 
from 10 to 18(%) 
2 50-70-60 (cm) 15-20-12 (%) 
Step changes of the setpoint 
from 50 to 70  to 60 (cm) 
Step changes of the setpoint 
from 15 to 20 to 12(%) 
3 80-70-80  (cm) 20-15-20 (%) 
Rectangular pulse change of 
the setpoint 
Rectangular pulse change of 
the setpoint 
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Figure 9. Case 3: Closed-loop response of the coupled froth layer height and air holdup processes 
 
 
The characteristics of the transition behaviour of the coupled closed-loop system for the considered 
case studies are shown in Table 3. The investigation results show that the trajectories of the froth layer height 
and air holdup behaviour follow the set-point variations. It can be seen that the rise time has small values, but 
the settling time is high as the closed-loop system becomes unstable and the steady-state errors for the froth 
layer height are growing. The conclusion is that the designed decentralized PI controllers cannot successfully 
control the flotation process if it has interconnections between the manipulated and controlled variables 
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which are not decoupled. The next subsection of the paper presents the transition behaviour of the decoupled 
closed-loop system for the same case studies as above. Analysis and comparison of the results of the coupled 
and decoupled closed-loop responses are also presented. 
 
3.3.  Transition behaviour of the decoupled closed-loop system under the decentralized PI controllers 
The simulation results are obtained for the decoupled closed-loop system shown on Figure 6. The 
same case studies from Table 2 are considered and the transition behaviours of the decoupled closed-loop 
system under the decentralized PI controllers are presented by Figures 10 to 12. For case study 1 the 
transition behavior of the decoupled system given by Figure 10 is different from this given by Figure 7 for 
the coupled system. Both processes-the froth layer height and the air holdup are stable and strictly follow the 
setpoint changes. The rising time is approximately the same as for the coupled system but the settling time is 
smaller than this of the coupled system. The steady-state error is smaller a couple of times. 
For case study 2 the transition behavior of the decoupled system given by Figure 11 is also different 
from this given by Figure 8 for the coupled system Looking at the signal changes as presented in Figure 11, 
the performance indices such as settling time, overshoot and steady-state error are minimised or much better 
for the decoupled system in comparison with the coupled ones presented in Figure 8. This further proves that 
the dynamic decoupling control design works well irrespective of the set-point value changes, especially in 










Figure 11. Case 2: Closed-loop response of the decoupled froth layer height and air holdup processes 
 
 
For case study 3 the transition behavior of the decoupled system is given by Figure 12. Comparing 
the results in Figures 9 and 12, it can be noted that for the froth layer height and air holdup of the decoupled 
system the settling-time and steady-state error are again better than these for the coupled system. The 
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characteristics of the transition behaviour of the decoupled closed-loop system for the considered case studies 
are presented in Table 3. For all 3 cases, it can be noted that the decentralized PI controllers for both froth 
layer height and air holdup processes of the decoupled system performed a couple of times better than the 
decentralized PI controllers of the froth layer height and air holdup of the coupled system due to the 
additional action of the decouplers helping to compensate for the influence of the interconnections. On this 





Figure 12. Case 3: Closed-loop response of the decoupled froth layer height and air holdup processes 
 
 









Characteristics of the Coupled Froth Layer Height and Air Holdup Processes 
1 
h 40-60 (cm) 16.9 118 65.33 (cm) 5.3 (cm) 
gcz
 
10-18 (%) 16.7 16.9 17.72 (%) 0.28 (%) 
2 
h 50-70-60 (cm) 16.7 118 80.4 (cm) 10.4 (cm) 
gcz  15-20-12 (%) 0.36 83.6 19.67 (%) 0.33 (%) 
3 
h 80-70-80 (cm) 0.49 104 84.53 (cm) 4.53 (cm) 
gcz  20-15-20 (%) 0.12 83.5 19.78 (%) 0.22 (%) 
Characteristics of the Decoupled Froth Layer Height and Air Holdup Processes 
1 
h 40-60 (cm) 16.8 17 60.25 (cm) 0.25 (cm) 
gcz  10-18 (%) 16.7 16.9 17.92 (%) 0.08 (%) 
2 
h 50-70-60 (cm) 16.7 83.6 70.2 (cm) 0.2 (cm) 
gcz  15-20-12 (%) 0.05 83.4 19.85 (%) 0.15 (%) 
3 
h 80-70-80 (cm) 0.24 83.5 81.20 (cm) 1.2 (cm) 
gcz  20-15-20 (%) 0.1 83.45 19.89 (%) 0.11 (%) 
 
 
The next case study is performed to investigate the effects of the noise disturbance on the behavior 
of the froth layer height and air holdup respectively. The decoupled closed-loop system is disturbed at the 
output by injecting a noise disturbance in the Simulink diagram in Figure 6. Figure 13 presents the transition 
responses of these variables for setpoint tracking under disturbances with various magnitudes of 0.5 noise 
power for the froth layer height process and 0.1 noise power for the air holdup process. The results from the 
simulation show that the air holdup process is much more sensitive to the noise magnitude as bigger 
deviations of the transition behavior are obtained for smaller noise power in comparison with the froth layer 
height process. The simulations and the comparison of the obtained results show that the decentralized PI 
controller design based on dynamic decoupling is an effective strategy to be used irrespective of the set-point 
variations and disturbance influence. Decoupling of the model of the process has proven to be an effective 
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Figure 13. The closed-loop response of the froth layer height and air holdup processes in the case of 
disturbances at the process output 
 
 
4. CONCLUSION  
The performance of the flotation process is determined by the grade and recovery of the valuable 
mineral. This study focuses on the decentralized PI controller design for the column flotation processes. 
Based on the performed literature review, the fuzzy controllers still seem to be the best to control the column 
flotation process. However, the industry highly uses PI or PID controllers, because of their structural 
simplicity. They have been proven to be the most effective technology in engineering applications but for the 
case of the multivariable system, these controllers cannot overcome the influence of the interconnections 
between the manipulated and controlled variables. It is important to understand the relationship between the 
controlled and manipulated variables, to design proper controllers of this process. To overcome these 
difficulties this paper adopted the model decoupling based controller design strategy where the model of the 
process is decoupled in independent submodels through the introduction and design of decouplers and then 
decentralized PI controllers are designed for these submodels. The technique based on the pole-placement 
scheme is used for the decentralized PI controller design to achieve the desired set-point tracking 
performance and disturbance rejection. It has been made clear that pole placement designs do allow a decent 
closed-loop response, but require some experience to decide which pole locations are the best for any 
particular problem. 
All results from the simulation of the closed-loop decoupled multivariable system have proven to be 
successful in set-point tracking and disturbance rejection. The comparison of the simulation results between 
the decoupled and non-decoupled (without decouplers) processes under the control of the same PI 
controllers’ parameters shows that the performance of the decoupled system is better according to the 
obtained characteristics of the transition behaviour of these closed-loop systems. The obtained results will 
contribute to maintaining the existing PI controllers in the industry by enhancing their performance for 
multivariable systems using relevant design methods and simple decouplers which can be programmed in the 
existing PLCs. The future work will focus on the real-time implementation of this study using a PLC 
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